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Abstract: The Symmetries of Feynman Integrals (SFI) method is extended for the first
time to incorporate an irreducible numerator. This is done in the context of the so-called
vacuum and propagator seagull diagrams, which have 3 and 2 loops, respectively, and both
have a single irreducible numerator. For this purpose, an extended version of SFI (xSFI)
is developed. For the seagull diagrams with general masses, the SFI equation system
is found to extend by two additional equations. The first is a recursion equation in the
numerator power, which has an alternative form as a differential equation for the generating
function. The second equation applies only to the propagator seagull and does not involve
the numerator. We solve the equation system in two cases: over the singular locus and in a
certain 3 scale sector where we obtain novel closed-form evaluations and epsilon expansions,
thereby extending previous results for the numerator-free case.
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1 Introduction
The evaluation of Feynman integrals belongs to the computational core of Quantum Field
Theory. Yet, despite extensive experience and knowledge in this field, it is agreed that a
general theory for their evaluation is still lacking.
Symmetries of Feynman Integrals (SFI) is a general method introduced in [1] which
associates with any given Feynman diagram a system of partial differential equations. The
method uses the same variations which are used in the methods of Differential Equations
[2–6] and Integration By Parts [7], but distinguishes itself by associating with any diagram
a natural Lie group which acts on the diagram’s parameter space.
By now, SFI was further developed and numerous diagrams have been analyzed within
it [8–15]. Even though these diagrams are relatively basic, the analysis achieved new results
including the value of the seagull diagram (to be discussed below) in a 3 mass scale sector
and the value of the kite diagram (2-loop 2-leg) throughout its singular locus.
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So far, SFI addressed only Feynman integrals without numerators (also known as
“irreducible scalar products”), namely integrals involving only propagators. The goal of
this paper is to study the first SFI examples of Feynman integrals with numerators and
correspondingly to extend the SFI equation system and to study some of its solutions. For
some of the other works on the topic of Feynman diagrams with numerators, see [16–24].
For this purpose we shall study the propagator seagull and the vacuum seagull diagrams
shown in figure 1, which are arguably the simplest diagrams which allow for irreducible
numerators. More precisely, both diagrams have a single irreducible numerator. The
vacuum seagull was studied within SFI in [8] and the propagator seagull in [14]. References
to earlier work on these diagrams can be found in these two papers. The results of [8]
were incorporated in a public computer code which relates the observable Standard Model
parameters to Lagrangian parameters while accounting for some 2, 3 and even 4-loop
contributions [25].
We begin in section 2 by setting up the problem and defining the integrals under study.
The general definition of irreducible numerators contains the freedom of adding squares of
edge currents. We pay special attention to fixing this freedom such that the irreducible
numerator has simple transformation rules under the discrete symmetries of the diagram.
In the space of Schwinger parameters (α plane) we are able to present an expression for
the general numerator seagull integral.
Section 3 studies the extended equation systems. In addition to variations of the
form ∂q · q, where q is a schematic notation for any energy-momentum current associated
with the diagram, we allow also for variations of the form ∂q · q (q · q). More generally,
we allow for variations with any degree in q · q (higher degree in ∂q is not required for
the seagull diagrams and is left for future work). This procedure produces an extension
of the SFI method which we call extended SFI, or xSFI in short. The relation between
numerator integrals with different numerator powers is expressed in a recursion equation.
Alternatively, when passing to the generating function, it becomes a differential equation.
The equation systems are studied in section 4 and solved both on the singular locus
and in the 3 mass sector that was studied in [8], wherein we present novel expressions for
numerator integrals.
Section 5 generalizes this paper’s finding by presenting a relation between the extended
SFI equation system and the SFI group, a relation which applies to all diagrams.
Section 6 is a summary and discussion. Finally, appendix A details relations among
the source terms which appear in the xSFI equation systems and appendix B details the
definitions of some Feynman integrals that we use.
– 2 –
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(a) Propagator seagull
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(b) Vacuum seagull
Figure 1. The seagull diagrams
2 Set up
This section presents the integral definitions of the diagrams we will be analyzing, namely
the vacuum seagull and the propagator seagull, the numerator choice, and the Schwinger
parameter representation of the vacuum seagull with a general numerator power.
2.1 Definitions
In this paper we will consider the three-loop five-propagator vacuum diagram, which we
call the vacuum seagull, and the three-loop four-propagator diagram with two external
legs, which we call the propagator seagull (obtained by cutting propagator 1 of the vacuum
seagull).
Each diagram depends on five parameters - the vacuum seagull has five internal masses;
the propagator seagull has four internal masses and one external momenta pµ. We define
xi ≡ m2i , and for the propagator seagull we also define x1 ≡ p2. The numbering of the
parameters is given in figure 1.
The propagator seagull is symmetric to exchange of propagators 3 and 4, and the
vacuum seagull is symmetric to exchange of 1 and 2, 3 and 4, and to reflection.
The propagator seagull integral is defined by
IPS(x) =
∫
ddl1 d
dl2
((l1 + p)2 − x2)(l22 − x3)((l1 + l2)2 − x4)(l21 − x5)
, (2.1)
and the vacuum seagull integral is defined by
IV S(x) =
∫
ddl1 d
dl2 d
dl3
(l23 − x1)((l1 + l3)2 − x2)(l22 − x3)((l1 + l2)2 − x4)(l21 − x5)
. (2.2)
where x is a collective notation for all five variables (x) ≡ (x1, x2, x3, x4, x5). We will also
denote the integrand of integral I as I˜, e.g.
IV S(x) =
∫
ddl1 d
dl2 d
dl3 I˜
V S(x). (2.3)
When only discussing a single diagram we will drop the VS/PS denomination.
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Adding the numerator. Both diagrams have 3 independent momenta (internal and
external), and their space of quadratic scalars is of dimension six; as such both diagrams
have one irreducible scalar product, which we will refer to as the numerator. The numerator
N is defined only up to adding a square. It can be chosen in a natural way to be singlet
under the discrete symmetry group of the diagram, Γ, which is guaranteed by Maschke’s
theorem. As such the chosen numerator is
NV S = (l1 + 2l2) · (l1 + 2l3), (2.4)
which is antisymmetric under exchanges of 1 and 2 or 3 and 4, and symmetric under
reflection. The equivalent choice for the propagator seagull is
NPS = (l1 + 2l2) · (l1 + 2p). (2.5)
We can now define the propagator seagull numerator integral by
IPSk (x) =
∫
ddl1 d
dl2 N
k
PS
((l1 + p)2 − x2)(l22 − x3)((l1 + l2)2 − x4)(l21 − x5)
, (2.6)
and the vacuum seagull numerator integral by
IV Sk (x) =
∫
ddl1 d
dl2 d
dl3 N
k
V S
(l23 − x1)((l1 + l3)2 − x2)(l22 − x3)((l1 + l2)2 − x4)(l21 − x5)
. (2.7)
By a redefinition of loop currents, we can write IV Sk in the following equivalent manner
IV Sk =
∫
ddl1 d
dl2 d
dl3 (4l2 · l3)k
((l3 − 12 l1)2 − x1)((l3 + 12 l1)2 − x2)((l2 − 12 l1)2 − x3)((l2 + 12 l1)2 − x4)(l21 − x5)
.
(2.8)
This choice of currents and notation makes the discrete symmetry manifest with respect
to exchanging labels, and simplifies the expression for the numerator as well.
Some useful notation. In order to maintain the brevity of the expressions in this paper,
as well as elucidate the importance of some of the quantities, we introduce some shorthand
notation. The s and λ variables, which are associated with a 3-vertex, are defined as
siA =
1
2
(xj + xk − xi), i 6= j 6= k ∈ {1, 2, 5} (2.9)
siB =
1
2
(xj + xk − xi), i 6= j 6= k ∈ {3, 4, 5}, (2.10)
and
λA = x
2
1 + x
2
2 + x
2
5 − 2(x1x2 + x1x5 + x2x5) (2.11)
λB = x
2
3 + x
2
4 + x
2
5 − 2(x3x4 + x3x5 + x4x5), (2.12)
where A and B denote the appropriate vertices as denoted in figure 1. We also denote
xij = xi − xj , i 6= j ∈ {1, 2, 3, 4, 5}. (2.13)
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2.2 α plane
In this section we will consider the vacuum seagull with numerator, and will use the choice
of currents described in (2.8).
Kirchhoff-Symanzik polynomial. In the chosen conventions we have
5∑
i=1
αi k2i = α
1(l3 − l1/2)2 + α2(l3 + l1/2)2 + α3(l2 − l1/2)2 + α4(l2 + l1/2)2 + α5(l1)2 =
= Abc lb lc (2.14)
where
A =
α5 +
(
α1 + α2 + α3 + α4
)
/4 (α4 − α3)/2 (α1 − α2)/2
(α4 − α3)/2 α3 + α4 0
(α1 − α2)/2 0 α1 + α2
 . (2.15)
Accordingly the Kirchhoff-Symanzik polynomial of the vacuum seagull is given by
U = det(A) = α1 α2 α3 α4
(
1
α1
+
1
α2
+
1
α3
+
1
α4
)
+ (α1 + α2)(α3 + α4)α5 (2.16)
Numerator integral. The numerator integral is given by
Ik :=
∫
dα dl Nk exp
(
Abclblc
)
exp
(−αiµi) (2.17)
where N := 4l1 · l2.
Following the dimensional recurrence relations [26] we define
I(a, µ) =
∫
dα dl exp
(
2 abµ l
µ
b
)
exp
(
Abclblc
)
exp
(−αiµi) . (2.18)
Now
Ik =
(
∂
∂aµ2
∂
∂aµ3
)k∣∣∣∣∣
a=0
I(a, µ) (2.19)
while by completing the square we have
I(a, µ) =
∫
dα exp
(
−a
b
µa
cµA˜bc
U
)
U−d/2 exp
(−αiµi) (2.20)
where A˜ is the adjugate matrix of A (matrix of minors).
Combining the last two equations we arrive at our expression for the numerator integral
in α-space
Ik =
∫
dα
(
∂
∂aµ2
∂
∂aµ3
)k∣∣∣∣∣
a=0
exp
(
−a
b
µa
cµA˜bc
U
)
· U−d/2 exp (−αiµi) (2.21)
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In particular we find
I1 = −
∫
dα
d
2
(α1 − α2)(α3 − α4) 1
U
d+2
2
exp
(−αiµi)
I2 =
∫
dα 4
[(
d A˜23
)2
+ d
(
A˜22A˜33 + A˜23A˜23
)] 1
U
d+4
2
exp
(−αiµi) (2.22)
where in the first equality we have used A˜23 = (α
1 − α2)(α3 − α4)/4. We note that as
expected the expression for I1 transforms exactly as N under the graph’s discrete symmetry
group Γ.
3 Extended SFI equation system
Here we review the SFI method, explain the idea behind extended SFI, and present the
equation sets for the propagator and vacuum seagull diagrams.
3.1 Pre-equations
SFI method. Before we discuss extended SFI let us first give a short review of SFI.
Consider for example (2.1), the integral for the propagator seagull; the integral is invariant
under infinitesimal linear variation of the loop momenta by any of the momenta, due to
them being an integration variable. To be explicit, any transformation of the form
li → li + ijqj , (3.1)
with i = 1, 2 and qj = l1, l2, p, will leave (2.1) unchanged. It follows that the following six
equations must hold:
0 =
∫
ddl1 d
dl2 (
∂
∂li
· qj I˜). (3.2)
Another useful equation is
2p2
∂
∂p2
I =
∫
ddl1 d
dl2 p · ( ∂
∂p
I˜), (3.3)
which is obtained from taking the variation
p→ p+ ppp. (3.4)
As such we have an equation for each element of a group of variationsδl1δl2
δp
 = T
l1l2
p
 . (3.5)
where
T ∈ T2,1 ≡
∗ ∗ ∗∗ ∗ ∗
0 0 ∗
 . (3.6)
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After some manipulation each of these equations can be brought to the form of a linear
differential equation in the parameter space
F a[I, xi∂jI, ∂m2I1] = J
a(x), (3.7)
where i, j = 1, . . . , 5, a = 1, . . . , 7, F a are linear functions, ∂m2 is a derivative by one of
the internal masses squared, and the source terms Ja are simpler diagrams (i.e. diagrams
with one propagator omitted). Not all of these equations are useful if we wish to solve
for I, since I1 is an additional unknown. As such we call ∂m2I1 obstructions, (3.7) the
pre-equations, and regard equations without any obstructions as our equation set.
The propagator seagull has four internal masses, and as such it has four obstructions
(∂iI1, i = 2, 3, 4, 5). It also happens that ∂5I1 does not appear in any of the equations. As
such we can get four unobstructed equations from the seven pre-equations.
Similarly for the vacuum seagull, the group of variations is GL(3), and therefore there
are nine pre-equations. There are also five internal masses, and therefore five obstructions,
of which ∂5I
V S
1 also does not appear. As such we can get five unobstructed equations for
the vacuum seagull.
Extended SFI pre-equations. Equations (3.2) and (3.3) are just as true for Feynman
integrals with numerators as they are for those without:
0 =
∫
ddl1 d
dl2 (
∂
∂li
· qj NkI˜) =
∫
ddl1 d
dl2 (N
k ∂
∂li
· qj I˜ + kNk−1I˜qj · ∂
∂li
N), (3.8)
and similarly for (3.3). The resulting equation in parameter space will be of the form
F a[Ik, xi∂jIk, ∂m2Ik+1] + kG
a[xiIk−1, Ik] = Jak (x), (3.9)
where the indices are as in (3.7), F a are the same linear functions as in (3.7), Ga are addi-
tional linear functions, and the sources Jak may include simpler integrals with numerators.
So by acting with our group of variations on propagator seagull integrals with different val-
ues of k we increase the number of pre-equations we have, at the price of adding additional
unknown functions.
By adding to our original seven SFI pre-equations the additional seven equations
achieved by acting on I1, we now have fourteen equations, and as obstructions we have
I1, ∂iI1 and three ∂m2I2 (∂5I2 does not appear in any equation), for a total of nine. So we
have found a fifth equation for our original integral.
Extended SFI can also be used in order to learn about the numerator integrals; for
both the vacuum and propagator integrals a linear algebraic relation can be found between
I and I1, as there are more equations then differential expressions.
One must be careful when applying such counting arguments, for they do not assure
that all the equations counted are useful - some may not be independent, and some may
only contain sources. This is the case for two equations achieved from IV Sk , meaning there
are no new equations for the vacuum seagull from this extension (as expected, since we
already have a number of equations equal to the number of parameters).
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3.2 Equation set
Propagator seagull. The basis of variation that we have chosen in order to present the
propagator seagull equations is
E1
E2
E3
E4
E5
 =

p ∂∂p
−2s2A ∂∂l1 l1 + (s2A + 12x34) ∂∂l2 l1 − 2x5 ∂∂l1 p+ 2s4B ∂∂l2 p
∂
∂l2
l2
∂
∂l2
(l1 + l2)
∂
∂l1
l1 +
∂
∂l2
l2 + p
∂
∂p
 I
PS +

0
1
2
∂
∂l2
l1
0
0
0
 IPS1 ,
(3.10)
which gives the following set of equations:
−1
−2s2A(d− 3)
d− 3
d− 3
2d− 8
 IPS − 2

x1 s
5
A 0 0 0
0 λA/2 0 0 0
0 0 x3 s
5
B 0
0 0 s5B x4 0
x1 x2 x3 x4 x5


∂1
∂2
∂3
∂4
∂5
IPS =
=

−∂2O5
2x1∂1O5 − 2s5A∂2O5 + (d− 2)(O5 −O2)
∂4O3 − ∂4O5
∂3O4 − ∂3O5
0
IPS ,
(3.11)
where Oi denotes an omission (or contraction) of the ith propagator. The sources of the
second equation have been simplified using additional relations (see appendix A). The
second row introduces a novel equation, beyond the standard SFI system, see [14]; it was
generated within xSFI and has coefficients which are higher order polynomials in x.
The determinant of the matrix (which we denote as TPS) is
det(TPS) = 4x1x5λAλB. (3.12)
This basis has been chosen as it exhibits the symmetry and the singularities clearly, as well
as having only true singularities appear as zeros of the determinant.
Similarity to vacuum seagull. Now that we have a set of five equations it is only
natural to compare it to the set of the vacuum seagull. The set of the vacuum seagull can
be obtained without extended SFI with the variations
E1
E2
E3
E4
E5
 =

∂
∂l3
l3
∂
∂l3
(l1 + l3)
∂
∂l2
l2
∂
∂l2
(l1 + l2)
∂
∂l1
l1 +
∂
∂l2
l2 +
∂
∂l3
l3
 IV S , (3.13)
– 8 –
giving the set
d− 3
d− 3
d− 3
d− 3
3d− 10
 IV S − 2

x1 s
5
A 0 0 0
s5A x2 0 0 0
0 0 x3 s
5
B 0
0 0 s5B x4 0
x1 x2 x3 x4 x5


∂1
∂2
∂3
∂4
∂5
 IV S =

∂2O1 − ∂2O5
∂1O2 − ∂1O5
∂4O3 − ∂4O5
∂3O4 − ∂3O5
0
 IV S . (3.14)
The determinant of the matrix TV S is
detTV S = −2x5λAλB. (3.15)
As with the propagator seagull this basis was chosen in order to clearly present the sym-
metry and singularities.
By replacing the second equation with 2s5AEq(1)− 2x1Eq(2) the set becomes
d− 3
−2s2A(d− 3)
d− 3
d− 3
3d− 10
 IV S − 2

x1 s
5
A 0 0 0
0 λA/2 0 0 0
0 0 x3 s
5
B 0
0 0 s5B x4 0
x1 x2 x3 x4 x5


∂1
∂2
∂3
∂4
∂5
IV S =
=

∂2O1 − ∂2O5
−2x1∂1(O2 −O5) + 2s5A∂2(O1 −O5)
∂4O3 − ∂4O5
∂3O4 − ∂3O5
0
IV S ,
(3.16)
which is very similar in structure to (3.11). In fact the only difference in the l.h.s is that
equations with 2x1∂1I (E1 and E5) add (d− 2)I. As for the r.h.s, if dimension equations
of the simpler diagrams are used to remove all derivatives by x1 the only difference will
be O1 terms; this is easy to see for all but E2, for which one needs an additional relation
in appendix A. Because of this equivalence any result obtained for either diagram using
E2, E3, E4, and the combination E1 − E5 must be true for the other diagram up to O1
terms. In fact any extended SFI equation that does not include derivatives by x1 will only
differ between diagrams in sources.
Note that even though the TPS and TV S are now identical, the singular behaviour of
the set as a whole is not, as x1 = 0 is not a singularity of (3.16).
Higher numerator orders. By acting with the same variations in (3.10) on IPSk instead
of acting on IPS we can get a more general version of (3.11)
−1 + k
−2s2A(d− 3 + k)
d− 3 + k
d− 3 + k
2d− 8 + 2k
 IPSk + k

x34
x34(3x1 + x2 − x5)
x12
−x12
0
 IPSk−1 − 2

x1 s
5
A 0 0 0
0 λA/2 0 0 0
0 0 x3 s
5
B 0
0 0 s5B x4 0
x1 x2 x3 x4 x5


∂1
∂2
∂3
∂4
∂5
 IPSk =
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=
−∂2O5
2x1∂1O5 − 2s5A∂2O5 + (d− 2)(O5 −O2)− kO2
∂4(O3 −O5)
∂3(O4 −O5)
0
 IPSk +
−k

O3 −O4
x34(2O5 − 3O2) + (2(x2 + s5A) +O2)(O3 −O4)
−O2
O2
0
 IPSk−1
(3.17)
Doing the same for IV Sk we get a generalized version of (3.16) as well
d− 3 + k
−2s2A(d− 3 + k)
d− 3 + k
d− 3 + k
3d− 10 + 2k
 IV Sk + k

x34
x34(3x1 + x2 − x5)
x12
−x12
0
 IV Sk−1 − 2

x1 s
5
A 0 0 0
0 λA/2 0 0 0
0 0 x3 s
5
B 0
0 0 s5B x4 0
x1 x2 x3 x4 x5


∂1
∂2
∂3
∂4
∂5
 IV Sk =
=

∂2(O1 −O5)
2(x1∂1 − s5A∂2)(O5 −O2 −O1)
∂4(O3 −O5)
∂3(O4 −O5)
0
 IV Sk − k

O3 −O4
2(x1 + s
5
A)(O3 −O4)
O1 −O2
−O1 +O2
0
 IV Sk−1 .
(3.18)
3.3 Equation for numerator diagrams
Equation set (3.11) was derived by pre-equation combinations with no numerators. Now,
we shall consider numerators and will obtain a new equation.
While most pre-equations yield a differential equation for I1 (in terms of I and sources),
it is possible to select a variation which yields an algebraic equation for it. In particular, this
equation will not have derivatives by x1, and therefore will be true for both the propagator
and seagull (up to sources). The variation that gives this relation for propagator seagull is
EPSnum =
∂
∂l2
(1
2
(
x12(3x3 +x4−x5) +λB
)
l1−x12 x34 l2 +λB p
)
IPS +
∂
∂l2
(
s4Bl1 +x5 l2
)
IPS1 ,
(3.19)
while for the vacuum seagull we replace p with l3.
The resulting equations are
x5(d− 2)I1 = (d− 2)x12 x34I − JPS/V S1 , (3.20)
with the source terms, after simplification (see appendix A), being
JPS1 ≡ J1[IPS ] = (x34(8− 3d+ 4x2∂2 + 2x3∂3 + 2x4∂4)− x12(2x3∂3 − 2x4∂4))O5IPS
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−(d− 2)x12(O3 −O4)IPS + (x34 + λB
2
(∂3 − ∂4))O2IPS
+(s4B∂3 − s3B∂4)(O5 −O3 −O4)O2IPS , (3.21)
for the propagator seagull, and
JV S1 = J1[I
V S ]− 1
2
(2x34+λB(∂3−∂4))O1IV S−(s4B∂3−s3B∂4)(O5−O3−O4)O1IV S , (3.22)
for the vacuum seagull.
As we will see in section 4.1, this equation reduces to (4.16) on the locus x5 = 0.
3.4 Recursion relation
We can generalize (3.20) into a recursion relation by acting on integrals of general numerator
order. The variation will be
Eknum =
∂
∂l2
(1
2
(
x12(3x3 +x4−x5) +λB
)
l1−x12 x34 l2 +λB p
)
IPSk−1 +
∂
∂l2
(
s4Bl1 +x5 l2
)
IPSk ,
(3.23)
where again we replace p with l3 for the vacuum seagull. The recursion relation obtained
is
(k + d− 3)x5Ik − (2k + d− 4)x12 x34Ik−1 + (k − 1)B(x)Ik−2 = −JPS/V Sk , (3.24)
where
B(x) = −x35 + 2 (x1 + x2 + x3 + x4)x25
− ((x3 − x4)2 + (x1 − x2) 2 + 4(x3 + x4) (x1 + x2))x5
+2(x3 − x4)2 (x1 + x2) + 2(x3 + x4) (x1 − x2) 2] (3.25)
is the Baikov polynomial1 of both the propagator and vacuum seagulls, and with the sources
being
JPSk = J [I
PS
k ] = (s
4
B∂3 + s
3
B∂4)(O5 −O3 −O4)IPSk
+
1
2
(x12 ((3x3 + x4 − x5)∂3 − (x3 + 3x4 − x5)∂4) (O3 +O4 −O5)
+ (2k x34 + λB(∂3 − ∂4))O2)IPSk−1
+(k − 1)((2λB − x12(2x3 + 2x4 − x5))O2 − λBO5)IPSk−2 , (3.26)
for the propagator seagull, and
JV Sk = J [I
V S
k ]−
1
2
(2kx34+λB(∂3−∂4))O1IV Sk−1+(k−1)(2λB+x12(2x3+2x4−x5))O1IV Sk−2 ,
(3.27)
for the vacuum seagull. It should be noted that, while it does not seem so, this source term
is invariant under reflections as it should be.
1See [27] for the original presentation of the Baikov polynomial.
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Equation (3.24) is one of our main results. It provides a recursion relation for numer-
ator integrals with different powers.
Generating function of numerator integrals.
The numerator integral Ik is labelled by an integer k. Such data can be transformed
into a generating function
G(z) =
∞∑
k=0
Ikz
k (3.28)
thereby transforming k into the formal parameter z.
We can now transform the recursion equation (3.24) into the following differential
equation for G(z)(
x5 z − 2x12 x34 z2 +B(x) z3
)
G′ +
(
(d− 3)x5 − (d− 2)x12 x34 z +B(x) z2
)
G =
= (d− 3)x5 I −
∞∑
k=1
Jk z
k. (3.29)
This differential equation for the generating function holds for both the propagator and
the vacuum seagulls, accounting for their respective sources J
PS/V S
k .
Eq. (3.28) defines the so-called ordinary generating function. We note that had we
chosen to define the exponential generating function, we would have gotten a third order
differential equation (1st order in powers of z).
4 Solutions
In this section we present solutions on the singular loci as well as a closed form solution
for a certain mass sector for the vacuum seagull diagram with numerator.
4.1 Singular loci
The singular loci are hypersurfaces in parameter space on which the equation set is singular.
On such a singular locus the equation set includes an algebraic equation and there is no
need to solve the differential set of equations. For the propagator seagull, the SFI equation
set (3.11) is singular when det(TPS) given in (3.12) is zero, namely
x1 = 0, (4.1)
x5 = 0, (4.2)
λA = 0, (4.3)
λB = 0. (4.4)
These singularities are shared with the general numerator power equation set (3.17), and
as such on these loci additional recursion relations can be found.
We will examine each of these hypersurfaces separately, using the method of maximal
minors [11]. To find solutions on the loci we compute the adjunct matrix of T given by
M ia(x) = aa1a2a3a4
ii1i2i3i4 T a1i1 T
a2
i2
T a3i3 T
a4
i4
. (4.5)
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On the loci hypersurfaces, M ia(x) will factorize,
M ia(x)
∣∣∣
loci hypersurface
= s(x)ka(x)n
i(x) (4.6)
where s(x) is a common (scalar) factor, ka(x) is a row vector which is perpendicular to the
rows of T on the hypersurface, namely
ka(x) · T ai
∣∣∣
loci hypersurface
= 0 (4.7)
and ni(x) is a column vector which should be perpendicular to the columns of T on the
hypersurface
T ai · ni(x)
∣∣∣
loci hypersurface
= 0. (4.8)
In other words, ka(x) defines a stabilizing generator at x and n
i(x) annihilates the G-orbit
tangent space.
The solution on the locus is then given by
I(x)
∣∣∣
loci hypersurface
=
k(x) · J
k(x) · c
∣∣∣
loci hypersurface
. (4.9)
4.1.1 x1 = 0
For this locus we will show the calculation in greater detail as an example of use.
The adjunct matrix of TPS
∣∣∣
x1=0
is
M ia(x)
∣∣∣
x1=0
= −2x5x25λB

x25 −1 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
 (4.10)
and decomposes as follows
ka(x) = (x25,−1, 0, 0, 0) (4.11)
n(x) = (1, 0, 0, 0, 0). (4.12)
The combination of equations defined by ka includes a derivative by x1 before setting x1 =
0, so we do not expect an equivalent combination for the vacuum seagull, and indeed x1 = 0
is not a singularity of its equation set. All the other loci are also loci of the vacuum seagull,
and therefore we will find that their solutions are only composed of E1 − E5, E2, E3, E4
and have analogues for the vacuum seagull.
Using (4.9) we find:
IPS
∣∣∣
x1=0
= −(O2 −O5)I
PS
x25
∣∣∣
x1=0
. (4.13)
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This result can be gotten by setting x1 = p
2 = 0 in the original integral2 (2.1), which leaves
the resulting vacuum integral:∫
ddl1 d
dl2
(l21 − x2)(l22 − x3)((l1 + l2)2 − x4)(l21 − x5)
(4.14)
=
1
x25
[ ∫ ddl1 ddl2
(l21 − x2)(l22 − x3)((l1 + l2)2 − x4)
−
∫
ddl1 d
dl2
(l22 − x3)((l1 + l2)2 − x4)(l21 − x5)
]
= −(O2 −O5)I
PS
x25
∣∣∣
x1=0
.
By multiplying (3.17) with ka we get a generalization of this result
x25(d− 2)IPSk
∣∣∣
x1=0
=
[
(d− 2)(O5 −O2) + kO2
]
IPSk
∣∣∣
x1=0
− k[x34(2O5 − 3O2) + (2x2 +O2)(O3 −O4)]IPSk−1∣∣∣
x1=0
(4.15)
This expresses the numerator integrals IPSk , at the singular locus, in terms of descendant
diagrams and it generalizes the solution for the numerator-free integral.
4.1.2 x5 = 0
In this case we get the solution
IPS
∣∣∣
x5=0
=
(O2 −O5)IPS
x12
(4.16)
+
1
d− 2
[2x3∂3 − 2x4∂4
x34
(O3 +O4 −O5)IPS
∣∣∣
x5=0
− 2x1∂1 − 2x2∂2
x12
O5I
PS
]
x5=0
.
Using equations for the sources in appendix A we reproduce the result in equation (6) of
[28], namely
IPS
∣∣∣
x5=0
=
[O2IPS
x12
− (O3 −O4)I
PS
x34
(4.17)
−x12(2x3∂3 − 2x4∂4)− x34(4x2∂2 + 2x3∂3 + 2x4∂4 + 8− 3d)
(d− 2)x12x34 O5I
PS
]
x5=0
.
As expected we also have a corresponding solution for the vacuum seagull which is
identical to (4.16) up to an O1 term
IV S
∣∣∣
x5=0
=
[
− (O1 −O2)I
V S
x12
− (O3 −O4)I
V S
x34
(4.18)
−x12(2x3∂3 − 2x4∂4)− x34(4x2∂2 + 2x3∂3 + 2x4∂4 + 8− 3d)
(d− 2)x12x34 O5I
V S
]
x5=0
.
2setting p2 = 0 is equivalent to taking pµ = 0 in the case of a self-energy diagram.
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4.1.3 λA = 0
The solution on this locus is
IPS
∣∣∣
λA=0
=
[(d− 2)(O2 −O5)IPS
2(d− 3)s2A
− s
2
A∂1 + s
1
A∂2
(d− 3)x5 O5I
PS
]
λA=0
. (4.19)
As before we can bring this expression into a form that will be identical to the vacuum
seagull solution for this locus up to an O1 term:
IPS
∣∣∣
λA=0
=
1
d− 3
[(d− 2)O2IPS
2s2A
+
(s5A + x2)∂2 + x3∂3 + x4∂4 +
1
2(8− 3d)
s2A
O5I
PS
]
λA=0
,
(4.20)
IV S
∣∣∣
λA=0
=
1
d− 3
[(d− 2)O2IV S
2s2A
+
(d− 2)O1IV S
2s1A
+
(s5A + x2)∂2 + x3∂3 + x4∂4 +
1
2(8− 3d)
s2A
O5I
V S
]
λA=0
. (4.21)
The generalization to higher k is the recursion relations
(d− 3 + k)s2AIk
∣∣∣
λA=0
− k x34(x1 + s5A)Ik−1
∣∣∣
λA=0
= J
PS/V S
k
∣∣∣
λA=0
, (4.22)
with
JPSk
∣∣∣
λA=0
=
[
[(s5A + x2)∂2 + x3∂3 + x4∂4 +
1
2
(8− 2k − 3d)]O5 + d+ k − 2
2
O2
]
IPSk
∣∣∣
λA=0
+ k[
1
2
x34(2O5 − 3O2) + ((x2 + sA) + 1
2
(O3 −O4)O2)]IPSk−1
∣∣∣
λA=0
(4.23)
and
JV Sk
∣∣∣
λA=0
=
[
[(s5A + x2)∂2 + x3∂3 + x4∂4 +
1
2
(8− 2k − 3d)]O5
+
d+ k − 2
2
(O2 +
s2A
s1A
O1)
]
IV Sk
∣∣∣
λA=0
+ k(x1 + s
5
A)(O3 −O4)IV Sk−1
∣∣∣
λA=0
(4.24)
This is a first order recursion relation for numerator integrals I
V S/PS
k , valid at the
singular locus. It generalizes the solution for the numerator-free integral, and it is goes
beyond the general recursion relation (3.24) which is second order.
4.1.4 λB = 0
On this locus the solution happens to be identical for both the propagator and vacuum
seagull and is
IPS/V S
∣∣∣
λB=0
=
s4B∂3 + s
3
B∂4
x5(d− 3) (O3 +O4 −O5)I
PS/V S
∣∣∣
λB=0
. (4.25)
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4.2 3 scale sector for the vacuum seagull with numerator
In this subsection, we specialize to a 3 mass scale sector where we are able to obtain a closed-
form solution to the numerator integral IV S1 . We choose this sector to be x2 = x4 = 0
where both the sources and IV S are known in closed-form. At this sector the numerator
equation (3.20) becomes
x5(d− 2)IV S1 = (d− 2)x1 x3IV S − JV S1 . (4.26)
and JV S1 and I
V S are known in closed form [8].
4.2.1 Solution for general d
The vacuum seagull 3-mass scale sector solution for general d is
IV S(x1, 0, x3, 0, x5) = ipi
3d
2 (x5)
3d
2 −5
(
(1− x)(1− y))d−3{[
− 3Γ(3− 3d
2
)
Γ(4− d)Γ(d
2
− 2)Γ(d
2
− 1)x y 3d2 −52F1(5− 3d
2
, 4− d, 3− d
2
;
x
y
)
−4piCsc(
pid
2 )Γ(2− d)Γ
(
2− d2
)
3d− 8 x
d
2−1yd−32F1
(
3− d, 2− d
2
,
d
2
− 1; x
y
)]
×F1(3d/2− 4, d− 2, d− 3, 3d/2− 3; x, y)
+x↔ y
+pi dCsc
(pid
2
)
Γ(2− d)Γ(− d
2
)
x
d
2−12F1(d/2− 1, d− 2, d/2; x) + x↔ y
+Γ
(
1− d
2
)3
(x y)
d
2−12F1(d/2− 1, d− 2, d/2; x) 2F1(d/2− 1, d− 2, d/2; y)
+
2pi3 Csc2
(
pid
2
)
Csc
(
3pid
2
)
Γ
(
d
2 − 1
)
(d− 2)(Γ(d− 2))2
}
(4.27)
where x = x1/x5 and y = x3/x5.
In this sector the source J1, given in simplified form in equation (3.21), has the form
JV S1 = −x3(O1IV S −O2IV S)− (d− 2)x1(O3IV S −O4IV S) + (8− 3d)x3O5IV S
+2x3(−x1 + x3)∂3O5IV S − 1
2
(x3 − x5)2(∂3O1IV S − ∂4O1IV S − ∂3O2IV S + ∂4O2IV S)
+1/2[(x3 + x5)(∂3O4O1I
V S − ∂3O5O1IV S) + (x3 − x5)(∂4O3O1IV S − ∂4O5O1IV S)]
−1/2[(x3 + x5)(∂3O4O2IV S − ∂3O5O2IV S) + (x3 − x5)(∂4O3O2IV S − ∂4O5O2IV S)].
(4.28)
Each of the sources can be computed in terms of the simpler diagrams Dian1,n2,n3(x1, x2, 0),
and Tadn(x).
O1I
V S = Tad1(0)Dia1,1,1(x3, x5, 0) (4.29a)
O2I
V S = Tad1(x1)Dia1,1,1(x3, x5, 0) (4.29b)
O3I
V S = Tad1(0)Dia1,1,1(x1, x5, 0) (4.29c)
O4I
V S = Tad1(x3)Dia1,1,1(x1, x5, 0) (4.29d)
O5I
V S = Melon1,1,1,1(x1, x3, 0, 0) = G(1, 1)Dia1,1,2−d/2(x1, x3, 0) (4.29e)
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∂3O5I
V S = Melon1,2,1,1(x1, x3, 0, 0) = G(1, 1)Dia1,2,2−d/2(x1, x3, 0) (4.29f)
∂3O1I
V S = Tad1(0)Dia2,1,1(x3, x5, 0) (4.29g)
∂4O1I
V S = Tad1(0)Dia1,1,2(x3, x5, 0) (4.29h)
∂3O2I
V S = Tad1(x1)Dia2,1,1(x3, x5, 0) (4.29i)
∂4O2I
V S = Tad1(x1)Dia1,1,2(x3, x5, 0) (4.29j)
∂3O4O1I
V S = Tad2(x3)Tad1(0)Tad1(x5) (4.29k)
∂3O5O1I
V S = Tad2(x3)Tad1(0)Tad1(0) (4.29l)
∂4O3O1I
V S = Tad1(0)Tad1(x5)Tad2(0) (4.29m)
∂4O5O1I
V S = Tad1(0)Tad1(x3)Tad2(0) (4.29n)
∂3O4O2I
V S = Tad2(x3)Tad1(x1)Tad1(x5) (4.29o)
∂3O5O2I
V S = Tad2(x3)Tad1(x1)Tad1(0) (4.29p)
∂4O3O2I
V S = Tad1(x1)Tad1(x5)Tad2(0) (4.29q)
∂4O5O2I
V S = Tad1(x1)Tad1(x3)Tad2(0) (4.29r)
where
G(n1, n2) = i
1−dpid/2
Γ(n1 + n2 − d/2)Γ(d/2− n1)Γ(d/2− n2)
Γ(n1)Γ(n2)Γ(d− n1 − n2) , (4.30)
Tadn(x) = i
1−dpid/2
Γ(n− d/2)
Γ(n)
(−x)d/2−n, (4.31)
and
Dian1,n2,n3(x, y, 0) = i
2−2dpid(−y)d−n1−n2−n3 Γ(d/2− n3)
Γ(n1)Γ(n2)Γ(n3)Γ(d/2)[
Γ(
d
2
− n1)Γ(n1 + n2 + n3 − d)Γ(n1 + n3 − d
2
)2F1
(
n1 + n2 + n3 − d, n1 + n3 − d
2
, n1 − d
2
+ 1;
x
y
)
+
(x
y
)d/2−n1
Γ(n1 − d
2
)Γ(n2 + n3 − d
2
)Γ(n3)2F1
(
n2 + n3 − d
2
, n3,
d
2
− n1 + 1; x
y
)]
. (4.32)
For the definitions of Tadn(x),Dian1,n2,n3(x, y, z) and Melonn1,n2,n3,n4(x, y, z, u) in terms
of Feynman integrals see Appendix B. Note that in dimensional regularization we can set
Tad1(0) = Tad2(0) = 0.
We have checked the resulting expression for JV S1 by computing it through (3.27) and
comparing the two results numerically at random points in parameter space and dimension
d, to find full agreement.
4.2.2 Epsilon expansion of the 3 scale sector of the vacuum seagull
In this section we use the epsilon expansion of the sources given in the previous section,
to obtain the epsilon expansion of I1(x1, 0, x3, 0, x5). We follow the notations, conventions
and results of [29, 30]. According to their conventions for d = 4 − 2 each loop should be
multiplied by a “loop factor” C = (16pi2) µ
2
(2pi)d
, where µ is a regularization mass scale. There
is also a relative sign difference between the conventions in this paper and the conventions
of [29, 30] for the diagrams “Tad”, “Dia” and “IV S”. We will omit overall phases.
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The -expansions of the diagrams which appear in the source terms (4.29), are [29, 30]
Tad1(x) =
1

x−A(x)− A(x) (4.33)
Dia1,1,1(x, y, z) =
1
22
(x+ y + z)− 1

(
A(x) +A(y) +A(z)− 1
2
(x+ y + z)
)
− I0(x, y, z)
(4.34)
Melon1,1,1,1(x, y, z, u) =
1
33
(xy + xz + xu+ yz + yu+ zu)
+
1
2
[
− 1
2
((y + z + u)A(x) + (x+ z + u)A(y)
+(x+ y + u)A(z) + (x+ y + z)A(u)) +
1
3
(xy + xz + xu+ yz + yu+ zu)
− 1
12
(x2 + y2 + z2 + u2)
]
+
1

[
A(x)A(y) +A(x)A(z) +A(x)A(u) +A(y)A(z) +A(y)A(u) +A(z)A(u)
−(y + z + u)(A(x) +A(x))/2− cyclic
+(xA(x) + yA(y) + zA(z) + uA(u))/4 +
1
3
(xy + xz + xu+ yz + yu+ zu)
−3(x2 + y2 + z2 + u2)/8
]
. (4.35)
Here A(x) = x
(
ln(x/Q2)− 1) and A(x) = x (−12 ln2(x/Q2) + ln(x/Q2)− 1− pi2/12),
where Q2 = 4pie−γEµ2 and γE is Euler’s gamma. For I0(x, y, z) all we need is the case
I0(0, y, z) (see [29])
I0(0, y, z) = A(y) +A(z) + (y − z)
[
Li2(1− y/z) + 1
2
ln2(z/Q2)
]
− y ln(y/Q2) ln(z/Q2)
+2y ln(y/Q2) + 2z ln(z/Q2)− 5
2
(y + z)
]
. (4.36)
The sources Tad2(x), Dia2,1,1(x, y, z) and Melon2,1,1,1(x, y, z, u) are essentially deriva-
tives with respect to the relevant masses:
Tad2(x) =
∂
∂x
Tad1(x) =
1

− ln(x/Q2) + 
(
pi2
12
+
1
2
ln2(x/Q2)
)
(4.37)
Dia2,1,1(x, y, z) =
∂
∂x
Dia1,1,1(x, y, z) =
1
y − z
[
z
∂
∂z
Dia1,1,1(x, y, z)− y ∂
∂y
Dia1,1,1(x, y, z)
−Tad2(x)(Tad1(z)− Tad1(y))
]
(4.38)
Melon2,1,1,1(x, y, z, u) =
∂
∂x
Melon1,1,1,1(x, y, z, u) =
1
33
(y + z + u) + . . . (4.39)
We provided two equivalent expressions for Dia2,1,1(x, y, z), based on SFI equations for the
diameter diagram [12], so that we can use (4.36) which is more convenient than the general
expression for I0(x, y, z).
Plugging these expressions into (4.28) with the explicit expressions given in (4.29), we
find
JV S1 =
1
3
J
(−3)
1 +
1
2
J
(−2)
1 +
1

J
(−1)
1 +O(
0), (4.40)
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where
J
(−3)
1 =
1
3
x1x3(x1 + x3) (4.41)
J
(−2)
1 =
1
3
[x1x3(5(x1 + x3) + 6x5(1− ln(x5/Q2))
+3(−x1 + x5) ln(x1/Q2) + 3(−x3 + x5) ln(x3/Q2))] (4.42)
J
(−1)
1 =
1
12
x1x3[(76 + pi
2)(x1 + x3) + 96x5(1− ln(x5/Q2))
+6(x1 − x5) ln2(x1/Q2) + 6(x3 − x5) ln2(x3/Q2)
−24x5 ln(x1/Q2) ln(x3/Q2)− 12(x1 + x3 − 3x5) ln2(x5/Q2)
+12 ln(x1/Q
2)(−5x1 + x5 + 2x1 ln(x5/Q2)) + 12 ln(x3/Q2)(−5x3 + x5 + 2x3 ln(x5/Q2))
+24(−x1 + x5)Li2(1− x1/x5) + 24(−x3 + x5)Li2(1− x3/x5)] . (4.43)
We have confirmed this result by testing each term in the expansion against the result
(4.28) at random points in the 3-mass sector, getting numerically very close to d = 4. This
was done by setting very high numerical precision.
The other ingredient for computing the -expansion of the vacuum seagull with nu-
merator in the 3-mass sector through Equation (4.26) is the -expansion for the vacuum
seagull in this sector, which can be found in [8], and is repeated here for completeness:
IV S =
1
3
I(−3) +
1
2
I(−2) +
1

I(−1) +O(0), (4.44)
where
I(−3) =
1
6
[x1 + x3 + 2x5] (4.45)
I(−2) = x1(1− 1/2 ln(x1/Q2)) + x3(1− 1/2 ln(x3/Q2)) + x5(5/3− ln(x5/Q2))] (4.46)
I(−2) = −2
3
x5 − 2
3
(x1 + x3 + 2x5) ln(1− x3/x1) ln(1− x5/x1)
+3
(
x1(1− 1/2 lnx1) + x3(1− 1/2 lnx3) + x5(5/3− ln(x5/Q2))
)
(2− ln(x5/Q2))
+
x5
4
(x1/x5 ln
2(x1/x5) + x3/x5 ln
2(x3/x5))
+
1
6
(x1 + x3 + 2x5)
(
7 + pi2/4− 9/2(2− ln(x5/Q2))2
)
+x5(1− x1/x5)Li2(1− x1/x5) + x5(1− x3/x5)Li2(1− x3/x5)
+
2
3
(x1 + x3 + 2x5)
(
Li1,1(x1/x3, x3/x5) + Li1,2(x3/x1, x1/x5) . (4.47)
We are now in a position to write the -expansion for the vacuum seagull with numerator
IV S1 =
1
3
I
(−3)
1 +
1
2
I
(−2)
1 +
1

I
(−1)
1 +O(
0), (4.48)
with
I
(−3)
1 =
1
x5
(
x1x3I
(−3) − 1
2
J
(−3)
1
)
(4.49)
I
(−2)
1 =
1
x5
(
x1x3I
(−2) − 1
2
(J
(−3)
1 + J
(−2)
1 )
)
(4.50)
I
(−1)
1 =
1
x5
(
x1x3I
(−1) − 1
2
(J
(−3)
1 + J
(−2)
1 + J
(−3)
1 )
)
. (4.51)
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4.3 Homogeneous solutions
In this subsection we discuss two kinds of homogeneous solutions to the xSFI equations.
We note that the maximal cut is known to be a homogeneous solution of the differential
equations [31–33].
4.3.1 Homogeneous solution for the propagator seagull
One important result of the SFI method is the representation of a Feynman diagram as a
line integral over the sources. Such a solution is obtained by solving the homogeneous set
of SFI equations and then using variation of parameters to find the full solution. The first
step is then to find the homogeneous solution.
For the vacuum seagull the homogeneous solution was determined in [8], and for the
propagator seagull it was determined up to a free function g(φ) in [14]. Given the new
equation for the propagator seagull in (3.11) the homogeneous solution becomes unique,
and is given by
IPS0 (x) = (−x1)1−
d
2 (x5)
1− d
2 (λA λB)
d−3
2 . (4.52)
This is the same as the homogeneous solution for the vacuum seagull apart for the simple
pre-factor (−x1)1− d2 .
4.3.2 Solving for the generating function
Here we solve the differential equation for the generating function of numerator integrals
(3.29). By setting the r.h.s. to zero we can solve for the homogeneous solution
G0 = z
3−d(x5 − 2x12x34z +Bz2)
d−4
2 . (4.53)
We can also set only the source terms to zero, equivalent to making the recursion relation
homogeneous, and the solution of the resulting equation is
1
I
g = x5(x5 − (x12x34 −
√
x212x
2
34 − x5B)z)−1 (4.54)
2F1
(
1,
d− 2
2
; d− 2; 2
√
x212x
2
34 − x5Bz
x5 − (x12x34 −
√
x212x
2
34 − x5B)z
)
(4.55)
which will generate In up to source terms
In =
g(n)
n!
|z=0 +sources . (4.56)
5 Extended SFI equations and the SFI group
In this section we discuss extended SFI equations for a general diagram.
Extended SFI variations. Consider a general diagram with L loops and X external legs.
Let us denote a basis for loop currents by la, a = 1, . . . , L, a basis for external currents
pu, u = 1, . . . , X − 1 and the union of the two bases by {qr} = (l1, . . . , lL, p1, . . . , pX−1).
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SFI variations, or pre-equations, were defined in [1, 8–10] by
δla = 
r
a qr
δpu = 
v
u pv (5.1)
The variations in the first line are the same as those of IBP, and are known to define the
Lee Lie group [34], while those in the second line are the same as DE.
Extended SFI considers the following larger set of variations
δla = 
r
aR (q · q)R qr
δpu = 
v
uU (p · p)U pv (5.2)
where R = {nrs} is a multi-index so that (q · q)R =
∏
r,s (qr · qs)nrs and similarly for U .
This is a non-linear extension of (5.1) which preserves Lorentz invariance. Geometrically,
it describes vector fields on the space of currents.
The extended SFI variations define a graded Lie algebra
H =
⊕
k=0,1,2,...
Hk (5.3)
where the grading is defined by k = |R| = ∑nrs. H0 includes the Lee Lie group.
Induced action on diagram parameters. The H0 variations within (5.2) induce an
action (a representation) on the quadratics
Q = Sp{qr · qs} (5.4)
where Sp denotes the span.
Recall that SFI [9] gives a special role to the subspace of squares within Q, S ⊂ Q
defined by
S = Sp{k2i } ⊕ Sp{pu · pv} (5.5)
where ki are edge or propagator currents (considered as a linear combination of the qr).
The SFI group G ⊂ H0 is defined to be the sub-algebra which preserves S (as a subspace
rather than pointwise). In particular, the representation of H0 on Q restricts to
a representation of G on S. (5.6)
Going beyond SFI, the space of irreducible numerators N is defined to be the quotient
space
N := Q/S (5.7)
By the defining property of G, its Q representation also defines
a representation of G on N . (5.8)
In the presence of numerators, the most general Feynman integral associated with a
given diagram or graph is
I({m2i }, {pu · pv},K) =
∫
dl
NK∏
i(k
2
i −m2i )
(5.9)
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where dl denotes the integration over all loop currents, K = (k1, . . . , kNum) is a multi-
index so that NK :=
∏
iN
ki
i where N1, . . . , NNum is a basis of irreducible numerators. The
parameter space Xˆ for I consists of mass-squares and kinematical invariants, together with
the multi-index K.
As in SFI, a variation in H generates a partial differential equation for I (with a
recursion on K). More precisely, the action of H on Q determines this equation. The
homogeneous part of the equation defines a vector field on parameter space Xˆ (together
with raising and lowering operators on K). This creates
an action, or representation, of H on Xˆ. (5.10)
Action of SFI group on the extended SFI equations. Here we study the algebraic
structure of the extended SFI equation system.
An SFI equation has the form
(T a)ji xi ∂
j I = . . . (5.11)
where a is the equation number, xi denotes variables in parameter space X (masses and
kinematical invariants), ∂j ≡ ∂/∂xj , I is the integral under study, (T a)ji are x-independent
constants and the ellipsis denote the source terms, which are independent of I. The equa-
tion defines a differential operator acting on X
ga = (T a)ji xi ∂
j (5.12)
The commutation relations among the operators ga define the SFI Lie algebra G.
Schematically we may write g = x∂. An extended SFI equation has the schematic
form
p(x, z, 1/z) ∂ I = . . . (5.13)
where z denotes formal parameters, each associated with an irreducible numerator, p(x, z, 1/z)
is a polynomial, and ∂ denotes both ∂/∂x and ∂/∂z. The equation defines an operator
u = p(x, z, 1/z) ∂ (5.14)
If p = p(x) is linear in x and independent of z then u ∈ G. The operator subspace spanned
by linear combinations of u’s (with x-independent coefficients) is denoted by
M := Sp{ua} ⊃ G. (5.15)
Given any two operators u, v ∈M of the form (5.14) their commutation relation would
be of the form
[u, v] = [pm(x) ∂, qn(x) ∂] = rm+n−1(x) ∂ (5.16)
where m,n are the corresponding mass-squared dimensions of the polynomials. It can be
seen that the result is an operator that is still first order in derivatives. However, the mass-
squared dimension of r(x) increases as long as m,n > 1. Therefore generically [u, v] /∈ M
and hence M is not a Lie algebra.
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This means that the extended SFI equation system does not define a Lie algebra
anymore. However, for all g ∈ G, u ∈M
[g, u] ∈M (5.17)
and hence, by definition, M is a module over the SFI group G (equivalently, M is a
representation of G). In this way, the SFI group G is extended to a module M over G,
while G continues to play a central role. This conclusion holds for the seagull diagrams
studied in this paper as well as more generally for any diagram.
In SFI, the X space was foliated into orbits of G. The extension of this property is a
foliation into the invariant manifolds of M .
6 Summary and discussion
For a given diagram topology (or graph), SFI considers the associated Feynman Integral to
be a function of its most general parameters, and it strives to formulate a complete equation
system generated by current variations. So far, these parameters included the masses and
the kinematical invariants. In this paper, we added another class of parameters, namely
numerator powers, within the concrete context of the seagull diagrams, which have a single
irreducible numerator. In order to extend the equation system, we extended the current
variations under consideration.
Our main results are of two kinds: new equations and new evaluations. We find two
new equations
• Eq. (3.24) is a second order recursion relation in the numerator power. It applies
to both seagull diagrams, only the form of the sources is different (3.26,3.27). This
equation is transformed into an equivalent differential equation (3.29) acting on a
generating function.
• The second row in the equation system (3.11) extends the SFI equation system for
the numerator-free propagator seagull. Even though it is numerator-free it can be
generated only by an extended SFI variation of the schematic form ∂l · q(q · q).
The main novel evaluation extends the evaluation of the numerator-free vacuum seagull
within a 3 mass scale sector [8] to IV S1 , which includes the numerator to the first power:
• Eq. (4.26) presents IV S1 in terms of IV S , JV S1 , which are detailed below it. The
relevant -expansions around d = 4 are detailed in subsection 4.2.2.
In addition, we present the solutions in the revised singular locus in subsection 4.1, and
some homogeneous solutions in subsection 4.3 (the maximal cut is known to be one).
In conclusion, this paper provides the first study of numerator integrals within the
(extended) SFI method, and the first closed-form evaluation of the above-mentioned nu-
merator seagull.
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Open questions. While there are infinitely many variations of the form ∂q · q(q · q)n the
associated equations are found to be all generated by a finite number of equations. It would
be interesting to study this property for general diagrams.
Another open question concerns the generating function of numerator seagullsG({x}; z)
(3.28). It is a function of 6 variables: 5 x’s and z, the formal parameter. The tetrahedron
is a diagram which resolves the quartic vertex of the vacuum seagull, and it has 6 variables.
It would be interesting to study the relation of G({x}; z) with the tetrahedron I(x).
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A Source equations
We have used SFI equations for sources of the seagull equation in order to simplify some
expressions. In (3.11) we used
∂3O4I
PS
1 = (−x12 +O2)O4∂3IPS , (A.1)
∂4O3I
PS
1 = (x12 −O2)O3∂4IPS , (A.2)
(∂3 − ∂4)O5IPS1 = (4− 2d− 4x1∂1 + 4x2∂2 + (O2 − x12)(∂3 + ∂4))O5IPS , (A.3)
(s4B∂3 + s
3
B∂4 + 2x5∂5)O2I
PS = (d− 3 + 1
2
(∂3 + ∂4)(O3 +O4 −O5))O2IPS . (A.4)
These equations can be generalized to any numerator power giving us the simplifica-
tions used in (3.17)
∂3O4Ik+1 = (−x12 +O2)O4∂3Ik + 2k(2x1 + 2x2 − x5 + 2O2 −O5)O4Ik−1, (A.5)
∂4O3Ik+1 = (x12 −O2)O3∂4Ik + 2k(2x1 + 2x2 − x5 + 2O2 −O5)O3Ik−1, (A.6)
(∂3 − ∂4)O5IPSk+1 =(4− 2d− 4x1∂1 + 4x2∂2 + (O2 − x12)(∂3 + ∂4))O5IPSk
+ 2k(x34 +O3 −O4)Ik−1,
(A.7)
(s4B∂3 + s
3
B∂4 + 2x5∂5)O2I
PS
k =(d− 3 +
1
2
(∂3 + ∂4)(O3 +O4 −O5))O2IPSk
− k(x34 +O3 −O4)O2Ik−1.
(A.8)
In order to simplify (3.20) we used some of the above equations as well as
(s4B∂3+s
3
B∂4)O5I
PS
1 = (x34(8−3d+4x2∂2+2x3∂3+2x4∂4)+(O2−x12)(s4B∂3−s3B∂4))O5IPS .
(A.9)
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B Integral forms
The integral definitions of the diagrams used in section 4.2 are
Tadn(x) =
∫
ddl
(l2 − x)n , (B.1)
Dian1,n2,n3(x, y, z) =
∫
ddl1d
dl2
(l21 − x)n1(l22 − y)n2((l1 + l2)2 − z)n3
, (B.2)
Melonn1,n2,n3,n4(x, y, z, u) =
∫
ddl1 d
dl2 d
dl3
(l23 − x)n1((l1 + l3)2 − y)n2(l22 − z)n3((l1 + l2)2 − u)n4
.
(B.3)
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